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• Tyre modelling 
• Longitudinal dynamics and control 
• Lateral dynamics and control 
• Vertical dynamics and control 
• Stability and control 
• Applications



Exercise 1.2 c 3

In this exercise the slope angle is  degrees. If the longitudinal 
forces acting on the car is computed carelessly, then the result looks 
something like this: 

The resultant is pointing backwards, which is of course not correct. 
When using the model used previously to calculate the rolling 
resistance , it is assumed that the vehicle is moving forward.

0.5

Rr

Exercise 1.2 c

In this exercise the slope angle is 0.5 degrees. If the longitudinal forces
acting on the car is computed carelessly, then the result looks something
like this:

RgRr

The resultant is pointing backwards, which is of course not correct. When
using the model used previously to calculate the rolling resistance Rr , it is
assumed that the vehicle is moving forward.

Conclusion:
The car is not moving at all.
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Car at rest 4

Consider a car at rest. Assume a slip 
based model is used for the longitudinal 
force when the car starts moving. 

How should the slip be defined? 

How can a model like the one shown in 
Figure 1.16 be used?
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5

• Lateral dynamics: Three different (?) problems 
• Lateral dynamics: Understeer gradient 
• Lateral dynamics: Handling at low speeds 
• Later control: Active differential



Cornering: Three Problems



Lateral Forces: Question 1
7

Consider a that a car moving along a straight line with constant longitudinal 
velocity with all wheel pointing in the direction of travel.  
Assume that motion of car is perturbed and the direction of  the car suddenly 
is different from the direction of motion with no angular velocity:

Answer to Question 1

It was assumed that the angular velocity is zero and in this case the slip
angle is the same for at four wheels.

Direction of motion

Let denote this angle ↵ and let the cornering sti↵ness of the wheel in the
front and rear axis be denoted by C↵f and C↵f , respectively.

The total cornering forces at the front axis and rear axis are then equal to
2C↵f ↵, and 2C↵r↵, respectively.
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Question 1: In which direction will the car turn?



Lateral Forces: Question 2 8

Side forces: Question 2

Assume that a lateral force Fy is applied at the center of gravity of a car
driving straight.

v

Fy

Question 2: In which direction will the car turn?
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Assume that a lateral force  is applied at the center of 
gravity of a car driving straight. 

Fy

Question 2: In which direction will the car turn?



Lateral Forces: Question 3 9

Assume that a car is taking a turn with constant speed and constant 
turn radius. 

Side forces: Question 3

Assume that a car is taking a turn with constant speed and constant turn
radius.

Question 3: Assume that the speed is increases. In which direction should
the steering wheel be turned to make the car stay on the same circle?
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Question 3: Assume that the speed is increases. In which direction should the 
steering wheel be turned to make the car stay on the same circle?



Lateral Forces: A Simple Model 10

Side forces: A simple model

A wheel moving in the lateral lateral direction give rise to a cornering force
Fy och self-aligning torque Mz = tp · Fy :

↵

tpFy

v

The slip angle ↵ is the angle between the direction of the wheel and the
direction of the velocity vector v.

To begin with, a simple linear model will be used to represent the relation
between the slip angle ↵ and the cornering force Fy

Fy = C↵↵

where C↵ is called the cornering sti↵ness.
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A wheel moving in the lateral lateral direction give rise to a 
cornering force  och self-aligning torque : 
   
The slip angle  is the angle between the direction of the 
wheel and the direction of the velocity vector .

Fy Mz = tp ⋅ Fy

α
v

To begin with, a simple linear model will be used to represent the 
relation between the  slip angle  and the cornering force : 

 

where   is called the cornering stiffness.

α Fy

Fy = Cαα

Cα



Side forces: A non-linear example 11

Figure 1.25 in the text book shows an example how the cornering 
force depends on the slip angle  and the normal force : α Fz

vehicle undergoes a steady-state turn, owing to lateral load transfer, the normal load on the inside
tire will be reduced to Fzi and that on the outside tire will be increased to Fzo. As a result, the total
cornering force of the two tires will be the sum of Fyi and Fyo, which is less than 2Fy, as shown in
Figure 1.26. This implies that for a pair of tires on a beam axle to develop the required amount of
cornering force to balance a given centrifugal force during a turn, the lateral load transfer results
in an increase in the slip angle of the tires.
To provide a measure for comparing the cornering behavior of different tires, a parameter called

cornering stiffness Cα is used. It is defined as the derivative of the cornering force Fyαwith respect to
slip angle α evaluated at zero slip angle:

Cα =
∂Fyα

∂α α = 0
1 37
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Figure 1.24 Cornering characteristics of bias-
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Source: Segel (1984). Reproduced with permission
of the University of Michigan Transportation
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Answer to Question 1 12

Answer to Question 1

It was assumed that the angular velocity is zero and in this case the slip
angle is the same for at four wheels.

Direction of motion

Let denote this angle ↵ and let the cornering sti↵ness of the wheel in the
front and rear axis be denoted by C↵f and C↵f , respectively.

The total cornering forces at the front axis and rear axis are then equal to
2C↵f ↵, and 2C↵r↵, respectively.
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It was assumed that the angular velocity is zero and in 
this case the slip angle is the same for at four wheels.

The total cornering forces at the front axis and rear axis 
are then equal to , and , respectively.2Cαfα 2Cαrα

Let denote this angle  and let the cornering stiffness 
of the wheel in the front and rear axis be denoted by 

 and , respectively.

α

Cαf Cαr



Answer to Question 1 13

The moment of the cornering forces about the center of gravity is equal to 
 

with clock-wise as the positive direction.   

Mz = 2l2Cαrα − 2l1Cαfα = 2α(Cαrl2 − Cαf l1)

The sign of the expression  gives the answer to Question 1. 
•Positive sign: The car turns towards the direction of the unperturbed path. 
•Equal to zero: The car does not turn at all and continue in the perturbed direction. 
•Negative sign: The car turns counterclockwise and the deviation from the  

original path increases even further.  

Cαrl2 − Cαf l1



Answer to Question 1 14

The sign of the expression  depends on the location of the 
center of gravity and the ratio between the cornering stiffness in the 
front and rear. 

  Question 1 will be studied more thoroughly later in the course. 

Cαrl2 − Cαf l1



Answer to Question 2

The limit case in Question 1 was the case C↵r l2 � C↵f l1 = 0.
It will now be shown that this is also the limit case for Question 2, i.e, in
which direction will the following car turn:

v

Fy

Proposition: If C↵r l2 � C↵f l1 = 0, then there is exists a steady motion
where the car moves with constant velocity without turning.
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Answer to Question 2 15

The limit case in Question 1 was the case . 

It will now be shown that this is also the limit case for Question 2, 
i.e, in which direction will the following car turn:  

Cαrl2 − Cαf l1 = 0

Proposition: If , then there is exists a steady motion 
where the car moves with constant velocity without turning.

Cαrl2 − Cαf l1 = 0



Answer to Question 2 16

If the car is not turning, then the side-slip angle is equal for all four tires and the value 
is given by force equilibrium in the lateral direction: 
Fy − 2Cαfα − 2Cαrα = 0

The answer to the Question 2 in the two other cases where  is the 
same as for Question 1. The analysis requires more advanced analysis and is beyond 
the scope of this presentation.

Cαrl2 − Cαf l1 ≠ 0

The moment of the cornering forces about the center of gravity is in this case equal to 
 

and the car will continue without turning.

Mz = 2α(Cαrl2 − Cαf l1) = 0



Single-Track Model



Question 3: Steady state cornering
18Question 3: Steady state cornering

Question 3: The car is driving with constant speed on a circle with radius

R and origin O. Assume that the speed is increases. In which direction

should the steering wheel be turned to make the car stay on the same

circle? The following single-track model will be used in the analysis:

R

O

⌦z

It is assumed that the cornering sti↵ness of tires are 2C↵f and 2C↵r , i.e.,
double the cornering sti↵ness of the four-wheel model.
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Question 3: The car is driving with constant speed on a circle 
with radius  and origin .  Assume that the speed is 
increases. In which direction should the steering wheel be 
turned to make the car stay on the same circle?

R O

The single-track model to the right with two wheels will be 
used in the analysis. 
It is assumed that the cornering stiffness of the tires are 

 and , i.e., double the cornering stiffness of the 
four-wheel model.
2Cαf 2Cαr



Steady state cornering: Kinematics 19
Steady state cornering: Kinematics

�f ↵f

↵r

⇡ L
R

O

⌦z

↵r

�f � ↵f

R

Triangle to the left: ↵r + (90o � ↵r ) + 90o = 180o

Triangle to the right: (�f � ↵f ) + (90o � (�f � ↵f )) + 90o = 180o

Approximation of the angle at O: ↵r + (�f � ↵f ) ⇡ L
R
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Triangle to the left: αr+(90o − αr) + 90o = 180o

Triangle to the right: (δf − αf)+(90o − (δf − αf)) + 90o = 180o

Approximation of the angle at : O αr + (δf − αf) ≈ L/R



20Steady state cornering: Kinematics

�f ↵f

↵r

⇡ L
R

O

⌦z

↵r

�f � ↵f

R

�f =
L

R
+ ↵f � ↵r
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Steady state cornering: Kinematics

δf =
L
R

+ αf − αr



Steady state cornering 21

Steady state cornering
L

⌦z

Fyr

Fyf

l2
l1

Equations of motion with solutions:

Fyf + Fyr = may =
W

g

V
2

R

Fyf l1 � Fyr l2 = Iz ⌦̇z = 0

Fyf = may
l2

L
=

W

g

V
2

R

l2

L

Fyr = may
l1

L
=

W

g

V
2

R

l1

L
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Equations of motion with solutions: 

        
Fyf + Fyr = may =

W
g

V2

R
Fyfl1 − Fyrl2 = Iz

·Ωz = 0

        

Fyf = may
l2
L

=
W
g

V2

R
l2
L

Fyr = may
l1
L

=
W
g

V2

R
l1
L



22Steady state cornering
From the previous slide: 

          
Fyf + Fyr = may =

W
g

V2

R
Fyfl1 − Fyrl2 = Iz

·Ωz = 0

Fyf = may
l2
L

=
W
g

V2

R
l2
L

Fyr = may
l1
L

=
W
g

V2

R
l1
L

A comparison of the solutions gives the relations 

Fyf = 2Wf
ay

g
, Fyr = 2Wr

ay

g

Equations of motions with solutions 

     
2Wf + 2Wr = mg = W

2Wfl1 − 2Wrl2 = Iz
·Ωy = 0

Wf =
mg
2

l2
L

=
W
2

l2
L

Wr =
mg
2

l1
L

=
W
2

l1
L



23Steady state cornering
Using the tire models,   and , the 
slip angles can be written as 

Fyf = 2Cαfαf Fyr = 2Cαrαr

αf =
Fyf

2Cαf
=

Wf

Cαf

ay

g

αr =
Fyr

2Cαr
=

Wr

Cαr

ay

g

where the understeer gradient is defined as 

Kus =
Wf

Cαf
−

Wr

Cαr
=

W
2LCαfCαr

(Cαrl2 − Cαf l1)

The steering angle is 

δf =
L
R

+ αf − αr =
L
R

+
Wf

Cαf

ay

g
−

Wr

Cαr

ay

g
=

L
R

+ Kus
ay

g



Understeer gradient
24

                     

• : The car is said to be understeer. 
• : The car is said to be  neutral steer. 
• : The car is said to be oversteer.

Kus =
Wf

Cαf
−

Wr

Cαr

Kus > 0
Kus = 0
Kus < 0

Steady state cornering
L

⌦z

Fyr

Fyf

l2
l1

Equations of motion with solutions:

Fyf + Fyr = may =
W

g

V
2

R

Fyf l1 � Fyr l2 = Iz ⌦̇z = 0

Fyf = may
l2

L
=

W

g

V
2

R

l2

L

Fyr = may
l1

L
=

W

g

V
2

R

l1

L
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Answer to Question 3 25

The steering angle is  

 

where the understeer gradient can be rewritten as 

δf =
L
R

+ Kus
V2

gR
=

L
R

+ Kus
ay

g

Kus =
Wf

Cαf
−

Wr

Cαr
=

W
2LCαfCαr

(Cαrl2 − Cαf l1)

Wf =
mg
2

l2
L

=
W
2

l2
L

Wr =
mg
2

l1
L

=
W
2

l1
L

The sign of   gives the answer to Question 3: 
• Positive sign: You have to turn the steering wheel clockwise to make the car stay 

on the same circle. The car turns towards the direction of the unperturbed path. 

• Equal to zero: You don't have to do anything. Just lie back and relax.  

• Negative sign:  You have to turn the steering wheel counterclockwise to make 

the car stay on the same circle.

Kus

Steady state cornering
L

⌦z

Fyr

Fyf

l2
l1

Equations of motion with solutions:

Fyf + Fyr = may =
W

g

V
2

R

Fyf l1 � Fyr l2 = Iz ⌦̇z = 0

Fyf = may
l2

L
=

W

g

V
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The Understeer Gradient Kus





Understeer gradient Kus

28

Consider the relation 

 

Interpretation: 
The understeer gradient is equal to the difference between 
the ratios of the load and cornering stiffness at the front and 
rear wheels, respectively.  

δf =
L
R

+ ( Wf

Cαf
−

Wr

Cαr )
=Kus

V2

gR



29

The understeer gradient can be rewritten as 

 

Interpretation: 
The sign of the understeer gradient depends on the difference between 
the products of the cornering stiffness and the distance to the center 
of gravity at the rear and front wheels, respectively.

δf =
L
R

+
W

2LCαfCαr
(Cαrl2 − Cαf l1)

=Kus

V2

gR

Understeer gradient Kus



30Understeer gradient Kus

Why does the sign of  give the answer question 3? 

To give a more direct interpretation we shall only consider the 
equilibrium of moments: 

 
which gives the relation 

 
We also have the relation 

 

between the angles.

Cαrl2 − Cαf l1

l1Fyf − l2Fyr = 2l1Cαfαf − 2l2Cαrαr = 0,

l1Cαfαf = l2Cαrαr,

δf =
L
R

+ αf − αr



The case: Neutral steer 31

Assume that the radius of the curve  is constant and the speed  increases. 

In this case   and the relation 
 

gives  and 

R V

l1Cαf − l2Cαr = 0
l1Cαfαf = l2Cαrαr

αf = αr

δf =
L
R

+ αf − αr

=0



The case: Understeer 32

In this case 
 

and it follows from 
 

that  the increase of  has to larger than the increase of , when  increases. 

Hence, the steering angle 

 

has to be increased.

l2Cαr − l1Cαf > 0

l1Cαfαf < l2Cαrαr

αf αr V

δf =
L
R

+ αf − αr



The case: Oversteer
33

In this case   
 

and it follows from 
 

that  the increase of  has to larger than the 
increase of , when  increases. 

Hence, the steering angle 

 

has to be decreased. 

l2Cαr − l1Cαf < 0

l1Cαfαf > l2Cαrαr

αr
αf V

δf =
L
R

+ αf − αr

Observation: If  and  

 

then  

 

and does not depend on .

Kus < 0

V = Vcrit = gL
−Kus

δf =
L
R

+ Kus
V2

gR
= 0

R



Handling at Low Speeds



Handling at low speeds
35

If the velocity of the car is small, then  

  

 Furthermore, 
 

where  is the direction of the car. 

A simple kinematic model of the car: 

δf ≈
L
R

V = R ·θ
θ

·x = V cos θ
·y = V sin θ

·θ =
V
R

≈
Vδf

L



 A kinematic model 36

A kinematic model

Adding longitudinal dynamics gives the following model:

ẋ = V cos ✓

ẏ = V sin ✓

✓̇ =
V �f
L

mV̇ = F

A typical application is motion planning at, e.g., a parking lot:

TSFS12 Autonomous Vehicles - Planning, Control, and Learning Systems
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Adding longitudinal dynamics gives the following model: 

 

A typical application is motion planning at, e.g., a parking lot:  

  TSFS12 Autonomous Vehicles - Planning, Control, and Learning Systems

·x = V cos θ
·y = V sin θ

·θ =
Vδf

L
m ·V = F
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2 Scenarios 

2.1 Cooperation on highway 

2.1.1 Purpose of the scenario 
This scenario demonstrates advanced cooperative manoeuvers on the highway. It builds on the simpler 
platooning scenarios that were demonstrated in the 2011 GCDC competition. Cooperative vehicles can, 
better than manual and autonomous, resolve complex traffic situations in many perspectives, e.g. safety, 
traffic flow and energy efficiency. Participating vehicles know well beforehand that a lane up the road is 
blocked. By means of V2V communication they also know the intentions of vehicles close by. Hence they can 
take measures to effectively resolve the risk of congested traffic situations.  

 

2.1.2 Scenario description 
Two platoons are approaching a construction site on a highway. The site is out of view for all participants 
when the scenario starts. Left platoon (A) and right platoon (B) receive information from a roadside unit 
(RSU) that they are approaching a road construction site. The RSU sends a message to oncoming traffic with 
information about position and speed limit on the construction site. The participating vehicles must merge 
the two platoons into the available lane for passing the site. The merge should take place in a specified area 
before the Construction Site (CS). The CS starts with a (imaginary) horizontal line crossing the road at a given 
distance from the CS. The Competition Zone (CZ) in this scenario is divided into two parts, before 
construction site starts (CZ-1) and after (CZ-2). Evaluation will take place in both zones as described in 2.1.6. 

 

 
Figure 1: Scenario 1 description 

 



Lateral Control: Active Differential



Split μ 39

In some cases there is a difference between the coefficient of friction  
on the right- and left-hand side 
 

Split µ

In some cases there is a di↵erence between the coe�cient of friction on
the right- and left-hand side

Jan Åslund (Linköping University) Vehicle Dynamics and Control Lecture 4 33 / 42



40Split μ
Assume that the car i back-wheel driven and the coefficient of friction 
is    to the right  to the left. 
   
Assume that the normal force is equal on the left and right rear 
wheel, i.e., . 

Maximum acceleration is obtained when 

 

How can we distribute the force between the right  and left wheel to 
reach maximum acceleration? 
In the case of the car is braking, the ABS system will take care of 
the distribution of braking forces. 

If the car is accelerating, then an active differential can solve the problem.

μr μl

Wr /2

Fr = μhWr /2 + μvWr /2 =
μh + μv

2
Wr



Differential Gear 41

Di↵erential gear
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42Differential Gear

Purpose 

•The wheels can rotate with different angular speed in a curve. 

•The torque is distributed equally between the wheels. 

With an active differential it is possible to partially lock the differential  
and distribute the torque between the wheels. 



Active Differential
43
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Steering geometry: Ackerman
45

Steering geometry: Ackermann

Figure 5.2
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Steering geometry: Ackermann

Figure 5.2 shows the relationship between the steering angles �o and �i in
case of pure rolling without lateral slip at low speed.

With d = |OF | we get the relations

cot �o =
d + B

L

cot �i =
d

L

and

cot �o � cot �i =
B

L
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46

Steering geometry: Ackermann

Two other relations can be seen in the figure

cot �o =
B/2 + e2

e1

cot �i =
B/2� e2

e1

and

cot �o � cot �i =
2e2
e1

it follows from the relations above that

e2

e1
=

B/2

L

Hence, the point Q is located on the line MF .
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Steering geometry: Ackerman
Steering geometry: Ackermann

Figure 5.2
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Steering geometry: Ackermann

Figure 5.4 shows an example of a steering linkage and how the points O1,
O2 och O3, corresponding to the point Q, are located in relation to the
line MF .
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Steering geometry: Ackermann

Figure 5.4
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Steering geometry: Ackerman



Överkurs: Bromskraftsfördelning för en lastbil
48

From the above equations, the normal loads on various axles can be expressed by the following.

• Tractor front axle

W f =
W1 L1 − l1 + a g h1 + Cr − a g h3

L1 + Cr −C f h3

+
W2 L2 − d2 + Cse − a g h3 + a g h2 d1 + Crh3

L2 + Cseh3 L1 + Cr −C f h3

(3.110)

• Tractor rear axle

Wr =
W1 l1 − a g h1 + a g−C f h3

L1 + Cr −C f h3

+
W2 L2 − d2 + Cse − a g h3 + a g h2 L1 − d1 −C f h3

L2 + Cseh3 L1 + Cr −C f h3

(3.111)

• Semitrailer axle

Ws = W2
d2 + h3 − h2 a g

Cseh3 + L2
(3.112)

It shows that to determine the normal loads on various axles of a given tractor–semitrailer, the
deceleration rate and the braking force coefficient of the semitrailer axle Cse must be specified.
When the deceleration and the braking force of the semitrailer axle are known, the normal load
on the semitrailer axle can be determined from Eq. (3.112), and the vertical and horizontal loads
on the fifth wheel, Whi and Fhi, can be calculated from Eqs. (3.104) and (3.105). With the values of
Whi and Fhi known, from Eqs. (3.101) and (3.103), the normal loads on the front and rear axles of the
tractor can be calculated.
For the optimum braking condition where the maximum braking forces of all axles that the tire–

ground contact can support are developed at the same time, the braking force coefficients for all

W2
Whi

W1

Fbf Fbr

Fhi

Fbs

d2

d1

Ra2

Ra1

ha2

ha1

h1 h3

h2

a
g

Wr

Wf

W1
g a

a

L1

l1

L2

W2

Ws

Figure 3.77 Forces acting on a tractor–semitrailer during braking.
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Övning: Beräkna alla krafter som behövs för att bestämma den bromskraftsfödelning som gör att alla hjul låser 
sig samtidigt utan att lösa några ekvationssystem (tips: börja med att bestämma ).Ws

Figur 3.52 i boken

Vad händer om det sitter två axlar på trailern?
Svar: Systemet är statiskt obestämt


