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Longitudinall Dynamics: Adaptive Cruise Control



Longitudinal control
3

Some examples:  

•CC Cruise Control 
•ACC Adaptive Cruise Control 
•CA Collision avoidance 
•ABS Anti-Blockier-System



Longitudinal control: Cruise control 4

Longitudinal control: Cruise control

This is what happens with Active Prediction. Depending on 
the slope of the upcoming hill, we at some point decide to 
increase the speed slightly. This means that we enter the hill 
with full turbo pressure and start the climb using all the 
torque that the engine can deliver.
The normal gearchanging strategy is used. The vehicle 
climbs the hill and accelerates back to cruising speed. The 
climb was faster and we saved some time in a fuel efficient 
way. 
Then we come to a point where we adjust the speed for the 
upcoming descent. We want to avoid braking away energy, if 
possible. Ideally, we manage to lower the speed so much 
that we don’t need to use the retarder at all ... and when we 
are past the hill, the vehicle drops back to cruising speed.
In other words, with Scania Active Prediction, we save time 
going uphill and save fuel going downhill.

Scania Active Prediction - presentation December 2011
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ACC Adaptive Cruise Control
5

Uses radar or other senors to measure the 
distance to other vehicles. 
Control brakes and acceleration 

Three different modes 

• Cruise control 
• Keep distance to a vehicle in front of you 
• Brake to avoid collision

ACC
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Region 1: Speed Control 
Region 2: Distance Control
Region 3: Crash Control





ACC, String stability 8

ACC: String stability

In a long caravan with ACC in all vehicles, string stability is important
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In a long caravan with ACC in all vehicles, string stability is important





10ACC, String stability
Consider a caravan where  ,  are the positions of the vehicles 

Define 
 

where  is the desired distance. 

A simple longitudinal model of the vehicle 
 

where the acceleration  is the control signal. 

Assume that the following control strategy is used 

xi i = 1,2,…

δi = xi − xi−1 + Ldes

Ldes

··xi = ui

ui

ui = − kpδi − kv
·δi

ACC: String stability

In a long caravan with ACC in all vehicles, string stability is important
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11ACC, String stability
The models from the previous slide: 

 

The second and third equation give: 

 

and we get: 

 

and 

δi = xi − xi−1 + Ldes
··xi = ui

ui = − kpδi − kv
·δi

s2xi = ui = − skvδi − kpδi

s2xi−1 = ui−1 = − skvδi−1 − kpδi−1

s2δi = s2(xi − xi−1) = − skvδi − kpδi + skvδi−1 + kpδi−1

G(s) =
δi(s)

δi−1(s)
=

kvs + kp

s2 + kvs + kp

ACC: String stability

In a long caravan with ACC in all vehicles, string stability is important
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12ACC, String stability
Hence, the transfer function relating the spacing errors of two consecutive vehicles is   

 

The gain is 

 

 and it is straightforward to show that  if .  

This means that the amplitude of a low frequency oscillation increases when it is 
transferred backwards in the caravan. 

Source: Vehicle Dynamics and Control, Rajesh Rajamani

G(s) =
δi(s)

δi−1(s)
=

kvs + kp

s2 + kvs + kp

|G(iω) | =
kp + ikvω

kp − ω2 + ikvω
=

k2
p + k2

v ω2

(kp − ω2)2 + k2
v ω2

|G(iω) | > 1 ω < 2kp





Longitudinal Dynamics: Stopping Distance



Longitudinal dynamics 15

From the previous lecture: 

Equation of longitudinal motion: 

m
dV
dt

= F − Rr − Rg − Ra

Longitudinal dynamic

From the previous lecture:

Ftot =ma

Equation of longitudinal motion:

m
dV

dt
= F � Rr � Rg � Ra
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Longitudinal control: Cruise control

This is what happens with Active Prediction. Depending on 
the slope of the upcoming hill, we at some point decide to 
increase the speed slightly. This means that we enter the hill 
with full turbo pressure and start the climb using all the 
torque that the engine can deliver.
The normal gearchanging strategy is used. The vehicle 
climbs the hill and accelerates back to cruising speed. The 
climb was faster and we saved some time in a fuel efficient 
way. 
Then we come to a point where we adjust the speed for the 
upcoming descent. We want to avoid braking away energy, if 
possible. Ideally, we manage to lower the speed so much 
that we don’t need to use the retarder at all ... and when we 
are past the hill, the vehicle drops back to cruising speed.
In other words, with Scania Active Prediction, we save time 
going uphill and save fuel going downhill.

Scania Active Prediction - presentation December 2011

– 11 –
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Position as independent variable 17

In the cruise control application, the grade resistance  is a 
function of position. In this and many other cases it is natural 
to use position as independent variable. 
The right-hand side of differential equation then becomes 

 

and we obtain 

 

Note that the previously introduced models for  and  are 
linear functions  of .  

Rg

m
dv
dt

= m
dv
dx

dx
dt

= mv
dv
dx

=
m
2

d(v2)
dx

=
d(mv2/2)

dx

m
2

d(v2)
dx

= F − Rr − Rg − Ra

Rr Ra
v2



Kinetic energy
18

It follows that 

 

where 
• : change of kinetic energy. 
• : work 
• : change of potential energy

d(mv2/2) = (F − Rr − Ra) dx − mg dh

d(mv2/2)
(F − Rr − Ra) dx
mg dh = mg sin θs dx



Stopping distance: First case
19

Given an initial speed , the objective is to determine the stopping distance .   
From the previous slides: 

 

Before the general case is analyzed, some special cases will be considered. 

First case: Neglect all forces except . In this case we get: 

 

Calculate  the integrals from start to stop 

 

Note how the intervals of the integrals were chosen!

V S

m
2

d(v2)
dx

= − Fb − Rr − Rg − Ra

Fb
m
2

d(v2) = − Fb dx

∫
0

V2

m
2

d(v2) = − ∫
S

0
Fb dx



20

The results is 

 

i.e. 
 

and  

mV2

2
= FbS

Initial kinetic energy = Stopping distance × Brake force

S =
mV2

2Fb

Stopping distance: First case



Stopping distance: Second case 21

The second case includes the grade resistance : 

 

and the result is 

 

i.e. 

 

and 

mg sin θs

∫
0

V2

m
2

d(v2) = − ∫
S

0
(Fb + mg sin θs) dx

mV2

2
= FbS + mg sin θsS

Initial kinetic energy = Stopping distance × Brake force
+Change in potential energy

S =
mV2/2

Fb + mg sin θs



Stopping distance: General case
22

In a more general case, we have the differential equation 

 

It is a separable differential equation 

 

and  the result is 

m
2

d(v2)
dx

= − Fb − mg sin θs − frmg cos θs − Caev2

m
2 ∫

0

V2

d(v2)
Fb + mg sin θs + frmg cos θs + Caev2

= − ∫
S

0
dx

S =
m

2Cae
log( Fb + mg sin θs + frmg cos θs + CaeV2

Fb + mg sin θs + frmg cos θs )
=

m
2Cae

log(1 +
CaeV2

Fb + mg sin θs + frmg cos θs )



Tyre modelling: The Brush Model, cont'd



Brush model 24

From Lecture 1

Brush model

From Lecture 1

lt

lc
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Brush model: Normal pressure
25

It was assumed that the normal pressure was constant in the contact region. 
According to Figure 1.15 a parabola shaped distribution seem more reasonable, i.e., 

 

In the adhesion region we assume 

 , and  , 

as before.

dFz

dx
= Cx(lt − x)

dFx

dx
= kt ⋅ i ⋅ x

dFx

dx
< μp

dFz

dx



Brush model: Normal pressure
26

Sketch the normal and longitudinal force distributions: 

The longitudinal force  is the area under the curve to the right.Fx

Brush model: Normal pressure

Sketch the normal and longitudinal force distributions:

dFx
dx

dFz
dx

xx

The longitudinal force Fx is the area under the curve to the right.
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Brush model: Sliding friction 27

Figure 1.16 shows the longitudinal force as a function of slip: 

It can be seen that the force reaches a peak value and then decreases. 

Assume that the sliding friction  is lower than the friction  in the adhesive region, 
and that the normal force distribution is constant in the contact region.

μs μp



Brush model: Sliding friction 28

Sketch the normal and longitudinal force distributions: 

The longitudinal force  is the area under the curve to the right.Fx

Brush model: Sliding friction

Sketch the normal and longitudinal force distributions:

dFx
dx

dFz
dx

xx

The longitudinal force Fx is the area under the curve to the right.
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Application: Estimations of Coefficient of Friction μ



Estimation of coefficient of friction μ 30

The coefficient of friction has been an important part when analyzing the 
braking and acceleration performance.  Now, one example will be presented 
on how to estimate the coefficient. 

The approach is based on the approximation 

 

where it is assumed that the gradient  is a function of .  
If we first find an estimate of , then we can calculate . 

To be able to calculate , we will first estimate 
• Longitudinal force  
• Normal force  
• Longitudinal slip  

Fx

W
= K(μ) ⋅ i

K μ
K μ

K
Fx

W
i



Friction: Longitudinal force Fx
31

Assume that longitudinal acceleration is measured.  

Longitudinal model 
 

The longitudinal force is now given by 
 

where 

 is estimated mass 
is measured by the accelerometer  

 and  are calculated using empirical models

ma = Fx − Ra − Rr − Rg

Fx = m(a + g sin θs) + Ra + Rr

m
a + g sin θs
Ra Rr



Friction: Normal force W 32

Normal force 

 Wf =
l2
L

mg −
h
L

(Ra + m(a + g sin θs))

Wr =
l1
L

mg +
h
L

(Ra + m(a + g sin θs))



Friction: Longitudinal slip i 33

Assume that the car is front-wheel driven. Then there is no slip at the rear-wheel: 

 

Modern cars have sensors measuring angular speed with high precision, since this 
information is needed by the ABS-system. 

The sensors at the rear wheels can therefore be used to calculate  and then the slip at the 
front wheel can be calculated 

 

Now, , , and  at the front wheels are known and it possible to estimate  and  using 

ir = 1 −
Vx

ωrrr
= 0

Vx

if = 1 −
Vx

ωfrf

Fxf Wf if K μ
Fx

W
= K(μ) ⋅ i



Longitudinal Control: Brake Force Distribution, cont'd



Brake force distribution 35

From lecture 2 

 
Kbf

Kbr
=

l2 + hμ
l1 − hμ

Kbf + Kbr = 1

Brake force distribution

From lecture 2

Kbf

Kbr
=

l2 + hµ

l1 � hµ

Kbf + Kbr = 1
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Electronic Brake-force Distribution
36

 

och  

 

If we neglect aerodynamic resistance we get 
 

Assume that we measure the longitudinal acceleration  
Now, we can use this information to distribute the brake forces so  
that all wheels start sliding at the same time, without knowing ? 

Wf =
1
L

(Wl2 + h(Fb + Fr))

Wr =
1
L

(Wl1 − h(Fb + Fr))

Fb + Fr = m(a + g sin θ)
a + g sin θ

μ



Longitudinal Control: Antilock Braking Systems (ABS)



ABS: Introduction
38

ABS: Introduction
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ABS 39

ABS
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ABS:  A simple control strategy
40ABS: A simple control strategy
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ABS 41

When the wheels locks you loose 

• Brake force 
• Stability 
• Ability to control the vehicle 

The objective of the ABS system is to prevent wheel lock-up 



ABS: Detecting wheel lock-up
42

If the wheels do not slide, then 
 

This can be used to detect when the wheels are locking, either by 
measuring the acceleration  or using an estimate of . 

Another option is to use the skid 

 

where  is estimated.

·ωr ≈ a ≤ μg

a μ

is = 1 −
rω
V

V



Dynamics of a braked wheel 

Figs. 1 and 2 show the physical interdepen-
dencies during a braking sequence with ABS.
The areas in which the ABS is active are
shaded blue.

Curves 1, 2 and 4 in Fig. 1 relate to road
conditions in which the level of adhesion and
therefore the braking force increases up to a
maximum limit as the brake pressure rises.

Increasing the brake pressure above that
maximum adhesion limit on a car without
ABS would constitute overbraking. When that
happens, the “sliding” proportion of the tire
footprint (the area of the tire in contact with
the road) increases so much as the tire de-
forms that the static friction diminishes and
the kinetic friction increases. 

The brake slip λ is a measure of the
 proportion of kinetic friction, whereby 
λ = 100% is the level at which the wheel locks
and only kinetic friction is present. 

The degree of brake slip,

(υF – υR)
λ = · 100%υF

indicates the degree to which the wheel’s
 circumferential speed, υR, lags behind the 
vehicle’s linear speed (road speed), υF.

From the progression shown in Fig. 1 of
curves 1 (dry conditions), 2 (wet conditions)
and 4 (black ice), it is evident that shorter
braking distances are achieved with ABS than
if the wheels are overbraked and lock up
(brake slip λ = 100%). Curve 3 (snow) shows
a different pattern whereby a wedge of snow
forms in front of the wheels when they lock
up and helps to slow the vehicle down; in 
this scenario, the advantage of ABS is in its
ability to maintain handling stability and
steerability.

As the two curves for coefficient of friction,
µHF, and lateral-force coefficient, µS, in Fig. 2
illustrate, the active range of the ABS has to
be extended for the large lateral slip angle of
α = 10° (i.e. high lateral force due to rapid

Antilock braking system Dynamics of a braked wheel 77

Fig. 1

1 Radial tire on 
dry concrete

2 Cross-ply tire 
on wet tarmac

3 Radial tire on 
loose snow

4 Radial tire on 
wet black ice

Blue shaded areas: 
ABS active zones

Fig. 2
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Dynamics of a braked wheel 

Figs. 1 and 2 show the physical interdepen-
dencies during a braking sequence with ABS.
The areas in which the ABS is active are
shaded blue.

Curves 1, 2 and 4 in Fig. 1 relate to road
conditions in which the level of adhesion and
therefore the braking force increases up to a
maximum limit as the brake pressure rises.

Increasing the brake pressure above that
maximum adhesion limit on a car without
ABS would constitute overbraking. When that
happens, the “sliding” proportion of the tire
footprint (the area of the tire in contact with
the road) increases so much as the tire de-
forms that the static friction diminishes and
the kinetic friction increases. 

The brake slip λ is a measure of the
 proportion of kinetic friction, whereby 
λ = 100% is the level at which the wheel locks
and only kinetic friction is present. 

The degree of brake slip,

(υF – υR)
λ = · 100%υF

indicates the degree to which the wheel’s
 circumferential speed, υR, lags behind the 
vehicle’s linear speed (road speed), υF.

From the progression shown in Fig. 1 of
curves 1 (dry conditions), 2 (wet conditions)
and 4 (black ice), it is evident that shorter
braking distances are achieved with ABS than
if the wheels are overbraked and lock up
(brake slip λ = 100%). Curve 3 (snow) shows
a different pattern whereby a wedge of snow
forms in front of the wheels when they lock
up and helps to slow the vehicle down; in 
this scenario, the advantage of ABS is in its
ability to maintain handling stability and
steerability.

As the two curves for coefficient of friction,
µHF, and lateral-force coefficient, µS, in Fig. 2
illustrate, the active range of the ABS has to
be extended for the large lateral slip angle of
α = 10° (i.e. high lateral force due to rapid
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Fig. 1
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dry concrete

2 Cross-ply tire 
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loose snow
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ABS active zones
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Control cycle on slippery surfaces 
(low coefficient of friction) 
In contrast with good grip conditions, on 
a slippery road surface even very light pres-
sure on the brake pedal is frequently enough
to make the wheels lock up. They then re-
quire much longer to emerge from a high-
slip phase and accelerate again. The process-
ing logic of the ECU detects the prevailing
road conditions and adapts the ABS re-
sponse characteristics to suit. Fig. 3 shows 
a typical control cycle for road conditions
with low levels of adhesion.

In phases 1 to 3, the control sequence is
the same as for high-adhesion conditions. 

Phase 4 starts with a short pressure-main-
tenance phase. Then, within a very short
space of time, the wheel speed is compared
with the slip switching threshold λ1. As the
wheel speed is lower than the slip switching

threshold, the brake pressure is reduced over
a short, fixed period. 

A further short pressure-maintenance
phase follows. Then, once again, the wheel
speed is compared to the slip switching
threshold λ1 and, as a consequence, the
 pressure reduced over a short, fixed period.
In the following pressure-maintenance
phase, the wheel starts to accelerate again
and its  acceleration exceeds the threshold
(+a). This results in another pressure-main-
tenance phase which lasts until the accelera-
tion drops below the threshold (+a) again
(end of phase 5). In phase 6, the incremental
pressure-increase pattern seen in the preced-
ing section takes place again until, in phase 7,
pressure is released and a new control cycle
starts.

84 Antilock braking system Typical control cycles

Fig. 3
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Control cycle on slippery surfaces 
(low coefficient of friction) 
In contrast with good grip conditions, on 
a slippery road surface even very light pres-
sure on the brake pedal is frequently enough
to make the wheels lock up. They then re-
quire much longer to emerge from a high-
slip phase and accelerate again. The process-
ing logic of the ECU detects the prevailing
road conditions and adapts the ABS re-
sponse characteristics to suit. Fig. 3 shows 
a typical control cycle for road conditions
with low levels of adhesion.

In phases 1 to 3, the control sequence is
the same as for high-adhesion conditions. 

Phase 4 starts with a short pressure-main-
tenance phase. Then, within a very short
space of time, the wheel speed is compared
with the slip switching threshold λ1. As the
wheel speed is lower than the slip switching

threshold, the brake pressure is reduced over
a short, fixed period. 

A further short pressure-maintenance
phase follows. Then, once again, the wheel
speed is compared to the slip switching
threshold λ1 and, as a consequence, the
 pressure reduced over a short, fixed period.
In the following pressure-maintenance
phase, the wheel starts to accelerate again
and its  acceleration exceeds the threshold
(+a). This results in another pressure-main-
tenance phase which lasts until the accelera-
tion drops below the threshold (+a) again
(end of phase 5). In phase 6, the incremental
pressure-increase pattern seen in the preced-
ing section takes place again until, in phase 7,
pressure is released and a new control cycle
starts.
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In the cycle described above, the control logic
detected that following pressure release –
triggered by the signal (–a) – two more 
pressure-reduction stages were necessary 
to induce the wheel to accelerate again. 
The wheel remains in the higher-slip zone for
a relatively long period, which is not ideal for
handling stability and steerability.

In order to improve those two characteris-
tics, this next control cycle and those that 
follow incorporate continual comparison of
wheel speed with the slip switching threshold
λ1. As a consequence, the brake pressure is
continuously reduced in phase 6 until, in
phase 7, the wheel acceleration exceeds the
threshold (+a). Because of that continuous
pressure release, the wheel retains a high level
of slip for only a short period so that vehicle
handling and steerability are improved in
comparison with the first control cycle.

Control cycle with yaw-moment 

buildup delay

When the brakes are applied in situations
where the grip conditions differ significantly
between individual wheels (“µ-split” condi-
tions) – for example, if the wheels on one side
of the car are on dry tarmac while those on
the other side are on ice – vastly different
braking forces will be produced at the front
wheels (Fig. 4). That difference in braking
force creates a turning force (yaw moment)
around the vehicle’s vertical axis. It also gener-
ates steering feedback effects of varying types
dependent on the vehicle’s kingpin offset.
With a positive kingpin offset, corrective
steering is made more difficult, while a nega-
tive kingpin offset has a stabilizing effect.

Heavy cars tend to have a relatively long
wheelbase and a high level of inertia around
the vertical axis. With vehicles of this type,
the yaw effect develops slowly enough for the
driver to react and take corrective steering ac-
tion during ABS braking. Smaller cars with
short wheelbases and lower levels of  inertia,
on the other hand, require an ABS system
supplemented by a yaw-moment buildup de-
lay (GMA system) to make them equally con-
trollable under emergency braking in condi-
tions where there are wide differences in grip
between individual wheels. Development of
the yaw moment can be inhibited by delayed
pressure increase in the brake on the front
wheel that is on the part of the road offering
the higher level of adhesion (the “high”
wheel).

Fig. 5 (overleaf) illustrates the principle of the
yaw-moment buildup delay: 
Curve 1 shows the brake pressure, p, in the
master cylinder. Without yaw-moment
buildup delay, the wheel on the tarmac
quickly reaches the pressure phigh (curve 2)
and the wheel on the ice, the pressure plow
(curve 5). Each wheel is braked with the
 specific maximum possible deceleration
 (individually controlled). 

Antilock braking system Typical control cycles 85

Fig. 4
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In the cycle described above, the control logic
detected that following pressure release –
triggered by the signal (–a) – two more 
pressure-reduction stages were necessary 
to induce the wheel to accelerate again. 
The wheel remains in the higher-slip zone for
a relatively long period, which is not ideal for
handling stability and steerability.

In order to improve those two characteris-
tics, this next control cycle and those that 
follow incorporate continual comparison of
wheel speed with the slip switching threshold
λ1. As a consequence, the brake pressure is
continuously reduced in phase 6 until, in
phase 7, the wheel acceleration exceeds the
threshold (+a). Because of that continuous
pressure release, the wheel retains a high level
of slip for only a short period so that vehicle
handling and steerability are improved in
comparison with the first control cycle.

Control cycle with yaw-moment 

buildup delay

When the brakes are applied in situations
where the grip conditions differ significantly
between individual wheels (“µ-split” condi-
tions) – for example, if the wheels on one side
of the car are on dry tarmac while those on
the other side are on ice – vastly different
braking forces will be produced at the front
wheels (Fig. 4). That difference in braking
force creates a turning force (yaw moment)
around the vehicle’s vertical axis. It also gener-
ates steering feedback effects of varying types
dependent on the vehicle’s kingpin offset.
With a positive kingpin offset, corrective
steering is made more difficult, while a nega-
tive kingpin offset has a stabilizing effect.

Heavy cars tend to have a relatively long
wheelbase and a high level of inertia around
the vertical axis. With vehicles of this type,
the yaw effect develops slowly enough for the
driver to react and take corrective steering ac-
tion during ABS braking. Smaller cars with
short wheelbases and lower levels of  inertia,
on the other hand, require an ABS system
supplemented by a yaw-moment buildup de-
lay (GMA system) to make them equally con-
trollable under emergency braking in condi-
tions where there are wide differences in grip
between individual wheels. Development of
the yaw moment can be inhibited by delayed
pressure increase in the brake on the front
wheel that is on the part of the road offering
the higher level of adhesion (the “high”
wheel).

Fig. 5 (overleaf) illustrates the principle of the
yaw-moment buildup delay: 
Curve 1 shows the brake pressure, p, in the
master cylinder. Without yaw-moment
buildup delay, the wheel on the tarmac
quickly reaches the pressure phigh (curve 2)
and the wheel on the ice, the pressure plow
(curve 5). Each wheel is braked with the
 specific maximum possible deceleration
 (individually controlled). 
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Fig. 4
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